Given a quantum error correcting code, an important task is to find encoded operations that can be implemented efficiently and fault-tolerantly. In this Letter we focus on topological stabilizer codes and encoded unitary gates that can be implemented by a constant-depth quantum circuit. Such gates have a certain degree of protection since propagation of errors in a constant-depth circuit is limited by a constant size light cone. For the 2D geometry we show that constant-depth circuits can only implement a finite group of encoded gates known as the Clifford group. This implies that topological protection must be "turned off" for at least some steps in the computation in order to achieve universality. For the 3D geometry we show that an encoded gate U is implementable by a constant-depth circuit only if U P U † is in the Clifford group for any Pauli operator P . This class of gates includes some non-Clifford gates such as the π/8 rotation. Our classification applies to any stabilizer code with geometrically local stabilizers and sufficiently large code distance.
Quantum error correcting codes play a central role in all proposed schemes for fault-tolerant quantum computation. By repeatedly measuring error syndromes and applying corresponding correction operations, encoded states can be stored reliably for extended periods of time. Furthermore, some codes permit a fault-tolerant implementation of a computationally universal set of operations on encoded states [1] .
Topological codes such as the surface code family [2] [3] [4] [5] are arguably closest to what can currently be achieved in experiments [6] . The unifying feature of all topological codes is the geometric locality of their check operators. The physical qubits of a D-dimensional topological code can be laid out on a regular lattice embedded in R D such that the support of any check operator has diameter O(1). The locality ensures that the syndrome readout requires only short-range quantum gates and that each qubit participates only in a few gates. In addition, any topological code has a macroscopic distance: a non-trivial operation on encoded states cannot be implemented by acting on fewer than d qubits, where d can be made arbitrarily large by increasing the lattice size. The subclass of topological stabilizer codes (TSCs) has an additional convenient feature: the parity check operators are tensor products of single-qubit Pauli operators. This simple structure allows one to understand properties of stabilizer codes in much more depth [7] . The subclass of TSCs includes the toric and the surface codes [2, 3] , the color codes [8] , as well as the surface codes with twists [9] or punctured holes [5] . Examples of topological codes which are not TSC are the quantum double models [2] and the Turaev-Viro codes [10] .
In this Letter we show that the simple structure of TSCs comes at a price: the set of gates implementable in a fault-tolerant manner is rather restricted for any such code. To formulate this more precisely, let us say that an encoded gate is topologically protected if it can be realized by applying a constant-depth quantum circuit on the physical qubits. Here we only consider circuits with geometrically local gates. This definition is motivated by the fact that constant-depth circuits are inherently faulttolerant: a fault in any single gate can affect at most O(1) qubits and a pre-existing error can spread to at most O(1) qubits. Topologically protected gates can therefore be executed using noisy hardware without introducing too many errors [11] .
To state our main result let us fix the number of logical qubits k. For any j ≥ 1 define a set of encoded gates P j , j ≥ 1, such that P 1 is the group of k-qubit Pauli operators, and P j is a set of all k-qubit unitary operators U such that U P 1 U † ⊆ P j−1 , where j ≥ 2. In particular, P 2 is the so-called Clifford group, that is, the group generated by the Hadamard gate H = (X + Z)/ √ 2, the CNOT gate, and the π/4 rotation K = exp (iπZ/4). The set P 3 includes some non-Clifford gates such as the π/8 rotation √ K. Note that P j is not a group unless j = 1, 2. Ignoring overall phase factors, P j is a finite set [12] . The sets P j were originally introduced by Gottesman and Chuang [13] who proposed a fault-tolerant implementation of any gate in P j through a recursive application of the gate teleportation method [14] . Surprisingly, the sets P j also naturally arise in the context of topological codes. Our main result is the following. Theorem 1. Suppose a unitary operator U implementable by a constant-depth quantum circuit preserves the codespace C of a topological stabilizer code on a Ddimensional lattice, D ≥ 2. Then the restriction of U onto C implements an encoded gate from the set P D .
Note that the restriction of U onto the codespace C can be viewed as a k-qubit operator only with respect to some basis of C. Any stabilizer code has a basis such that all encoded Pauli operators are products of physical Pauli operators [7] . We shall always implicitly assume that such a basis is chosen. Theorem 1 also holds for any depth-h quantum circuit U with gates of range r such that ξ, hr d 1/D , where d is the code distance and ξ is the maximum range of the parity check operators.
An important example of a topologically protected gate is a transversal gate: this can be realized by a product of one-qubit rotations on the physical qubits. For such a gate, a fault in any single rotation can affect at most one qubit and pre-existing errors do not spread to other qubits. A general no-go theorem due to Eastin and Knill [15] asserts that transversal gates can only generate a finite group and thus cannot be computationally universal. In the case of D-dimensional TSCs Theorem 1 provides a partial characterization of this group by placing it inside P D . Transversality, however, is a rather restrictive requirement. This motivates the study of the more general class of topologically protected gates. To our knowledge, no limitations have previously been derived on the power of constant-depth quantum circuits in this context.
Let us discuss some implications of Theorem 1 focusing on the 2D geometry, which is arguably the most practical one. The theorem states that any topologically protected gate must belong to the Clifford group P 2 . Since any quantum circuit composed of Clifford gates can be efficiently simulated classically [7] , our result implies that topological protection must be "turned off" for at least some steps in the computation in order to execute interesting quantum algorithms. For example, the surface code architecture [5, 16] uses injection of socalled magic states and distillation techniques to implement non-Clifford gates. The injection step is not covered by our theorem since the corresponding logical qubit has no topological protection. Let us point out that implementation of non-Clifford gates is by far the most time consuming step in the surface code architecture. For example, the operational cost of a single π/8 rotation exceeds the one of any topologically protected gate by 2 − 3 orders of magnitude [17] . Our result suggests that this overhead cannot be avoided simply by changing the lattice geometry or using a different code, as long as one stays within the class of 2D stabilizer codes.
Our proof of Theorem 1 actually covers a more general situation where one is given two different codes with codespaces C 1 , C 2 and a constant-depth quantum circuit U that maps C 1 to C 2 . In this case one can view the code C 2 as a "local deformation" of the code C 1 . We prove that U induces an encoded gate from the set P D provided that both C 1 and C 2 are D-dimensional TSCs. For the 2D geometry, this shows that any chain of local deformations C 1 → C 2 → . . . → C t implements an encoded Clifford group operator provided that one has uniform bounds on the locality and the distance of all intermediate codes. Such chains of local deformation can be used, for instance, to describe braiding of topological defects used in the surface code architecture to implement encoded CNOT gates [5] .
Let us now discuss the case D ≥ 3. To the best of our knowledge, the only example of a 3D TSC with topologically protected non-Clifford gates is the punctured 3D color code due to Bombin and Martin-Delgado [18] . It encodes one logical qubit with a transversal π/8 rotation which belongs to P 3 \P 2 .
Theorem 1 rules out computational universality of topologically protected gates for D ≥ 3 in the special case when the number of logical qubits k is a fixed parameter independent of the lattice size L. More precisely, let G h,L be the set of encoded gates implementable by circuits of depth h for a given lattice size L and G h,L be the subgroup of the unitary group U (2 k ) generated by G h,L . By Theorem 1, the inclusion G h,L ⊆ P D holds for any fixed h and all large enough L.
Corollary 1.
Consider any family of D-dimensional topological stabilizer codes defined for an infinite sequence of L's such that the number of logical qubits k is independent of L. Then for any fixed h the inclusion G h,L ⊂ P D holds for all large enough L.
Since the set P D is finite, Corollary 1 implies that the set of topologically protected gates cannot be computationally universal for a family of TSCs with a fixed k. Finally, let us point out that restrictions on the transversal π/2 j rotation (which belongs to P j ) similar to the one of Theorem 1 have been derived for D-dimensional color codes by Bombin et al [19] .
Constant-depth circuits and, more generally, locality preserving unitary maps play an important role in the classification of different types of topological quantum order in condensed matter physics [20] . In particular, it was recently shown by Bombin et al [21, 22] that any translation-invariant 2D TSC on an infinite lattice is equivalent modulo constant-depth circuits to one or several copies of the surface code. However, this result does not say anything about topologically protected gates since the latter are only defined in finite settings. It is also known that constant-depth circuits by themselves are not sufficient for encoding information into a topological code [23] .
In the rest of the paper we prove Theorem 1 and its corollary. To illustrate the proof strategy, let us first consider the standard toric code with two logical qubits. Recall that logical Pauli operators of the toric code correspond to non-contractible closed loops on the primal and the dual lattices [2] . Let γ 1 and γ 2 be some fixed horizontal and vertical non-contractible strips of width 1, see Fig. 1 . Then we can choose a complete set of 15 nontrivial logical Pauli operators supported in γ ≡ γ 1 ∪ γ 2 . Alternatively, we can choose non-contractible strips δ 1 and δ 2 as translations of γ 1 and γ 2 respectively by half the lattice size, see Fig. 1 . Since the toric code is translationinvariant, there exists a complete set of 15 logical Pauli operators supported on δ ≡ δ 1 ∪ δ 2 .
Consider any unitary operator U implementable by a constant-depth quantum circuit with short-range gates. Let P and Q be any pair of logical Pauli operators. We can always find logical operators P γ and Q δ equivalent FIG. 1 . Non-contractible closed strips γ1, γ2 and δ1, δ2 on the torus. modulo stabilizers to P and Q such that P γ is supported on γ, while Q δ is supported on δ. The key observation is that the commutator
acts non-trivially only on O(1) qubits located near the intersection of γ and δ. Indeed, the evolution O → U OU † of any observable O enlarges its support at most by ρ = hr, where h is the depth of U and r is the maximum range of its gates. Loosely speaking, ρ is the radius of a "light cone" describing evolution of observables under U . Note that in our case ρ = O(1). In particular, V ≡ U Q δ U † is supported in B ρ (δ) -the set of all qubits within distance ρ from δ. Furthermore, the standard causality argument implies that all gates of U lying outside the light cone B ρ (δ) can be omitted without changing V . This shows that K = P γ V P † γ V † , where V is a circuit of depth 2h + 1 composed of gates of range r. Any gate in V must overlap with the lightcone B ρ (δ). Here we used the fact that Q δ is a product of single-qubit Pauli operators which can be regarded as a depth-1 circuit. Applying the same causality argument to the evolution P †
where W is obtained from V by omitting all gates lying outside the lightcone of γ, that is, B r(2h+1) (γ). Hence W has support only in B O(ρ) (γ ∩ δ). The evolution W → P γ W P † γ does not enlarge the support of W since P γ is a product of singlequbit Pauli operators. We conclude that K has support only in B O(ρ) (γ ∩ δ) which contains only O(1) qubits.
Let C be the four-dimensional codespace of the toric code and Π be the projector onto C. By assumption of the theorem, U preserves the codespace C, that is, U Π = ΠU . Since the operators U, P γ , Q δ as well as their Hermitian conjugates preserve C, we conclude that K preserves C as well. However, since K acts only on O(1) qubits, the macroscopic distance property implies that K is a trivial logical operator, that is,
for some complex coefficient c. We claim that in fact c = ±1. Indeed, since K is a unitary operator, one must have |c| = 1. Furthermore, Eq. (2) can be rewritten as
for some phase factor e iθ this implies e iθ = c 2 e iθ , that is, c = ±1. To conclude, we have shown that
for any pair of logical Pauli operators P, Q. Let P , Q, and U be the encoded two-qubit operators implemented by P, Q, U respectively. Let R = U · Q · U † . From Eq. (3) one infers that P · R = ±R · P . Since P could be an arbitrary two-qubit Pauli operator, this is possible only if R is a Pauli operator itself. However, since this is true for any Pauli Q, we conclude that U belongs to the Clifford group. Let us now consider a more general setting. We begin by introducing notations and terminology pertaining to stabilizer codes. Let n be the number of physical qubits and P(n) be group of n-qubit Pauli operators. Any element of P(n) has the form γP 1 ⊗ · · · ⊗ P n , where P a ∈ {I, X, Y, Z} is a single-qubit Pauli operator or the identity, and γ ∈ C is a phase factor, |γ| = 1. The set of qubits a on which P acts non-trivially, that is, P a = I, is called the support of P and denoted supp(P ). A stabilizer code is defined by an abelian stabilizer group S ⊆ P(n) such that −I / ∈ S. Elements of S are referred to as stabilizers. The corresponding codespace C ⊆ (C 2 ) ⊗n is spanned by states ψ invariant under the action of any stabilizer, that is, S ψ = ψ for all S ∈ S. We will say that a stabilizer code has k logical qubits iff dim C = 2 k . Let L ⊂ U (2 n ) be the group of all n-qubit unitary operators preserving the codespace C. Elements of L and L∩P(n) will be referred to as logical operators and logical Pauli operators respectively.
Fixing the basis of the codespace C is equivalent to choosing an embedding J : (C 2 ) ⊗k → (C 2 ) ⊗n such that C = Im(J) and J † J = I, that is, J is an isometry. Note that Π ≡ JJ † is the projector onto the codespace. Given a logical operator O ∈ L, let O ≡ J † OJ be the k-qubit encoded operator implemented by O. Recall that P 1 ≡ P(k) stands for the group of k-qubit Pauli operators and
It is well known that for any stabilizer code one can choose a basis of C such that
In particular, any encoded Pauli operator can be implemented by a Pauli operator on the physical qubits. A stabilizer code has distance d iff for any logical Pauli operator P supported on less than d qubits the encoded operator P is proportional to the identity.
D be the regular D-dimensional cubic lattice of linear size L. Physical qubits occupy sites of Λ, that is, n = L D . We will assume that the stabilizer group S has a set of local generators S 1 , . . . , S n−k such that the support of any generator has diameter ξ = O(1), while the distance of the code d can be made arbitrarily large by choosing large enough L. As it is the case with the toric code, here we implicitly consider an infinite family of codes defined for a diverging sequence of L's. A family of stabilizer codes as above will be called a topological stabilizer code (TSC). We will say that a subset of physical qubits M is correctable iff for any logical Pauli operator P supported inside M the encoded operator P is proportional to the identity. By definition, any subset M of size smaller than the code distance d is correctable. We will use the following facts.
Lemma 1 (Cleaning Lemma [24] ). Suppose M is a correctable subset of qubits. Then for any logical Pauli operator P there exists a stabilizer S such that P S acts trivially on M .
Lemma 2 (Union Lemma [25, 26] ). Suppose M and K are disjoint correctable subsets of qubits such that the distance between M and K is greater than the diameter ξ of the stabilizer generators. Then the union M ∪ K is correctable.
Suppose S 1 and S 2 are TSCs defined on the same lattice Λ and encoding the same number of logical qubits. Let Π 1 = J 1 J † 1 and Π 2 = J 2 J † 2 be the projectors onto the codespaces of S 1 and S 2 respectively. We will say that a unitary operator U ∈ U (2 n ) is a morphism between S 1 and S 2 iff U maps the codespace of S 1 to the codespace of S 2 , that is,
We will say that U is a P j -morphism iff it implements an encoded element of P j on the respective codespaces, that is,Û
Theorem 1, in its more general form, states the following: if U is a morphism between D-dimensional TSCs S 1 and S 2 , and U is implementable by a constant-depth quantum circuit with short-range gates, then U is a P Dmorphism for all large enough L.
We proceed to the proof for D = 2 in which case we need to show thatÛ is in the Clifford group. Let Q and P be any logical Pauli operators for the codes S 1 and S 2 respectively. Let
Recall that Q and P could be any k-qubit Pauli operators. As in the case of the toric code, we will examine a commutator
and prove that the restriction of K onto the codespace of S 2 is proportional to the identity, namely,
This can be rewritten as J †
This shows thatÛ QÛ † either commutes or anticommutes with any Pauli operator. This is possible only ifÛ QÛ † is a Pauli operator itself. Since this holds for any Pauli Q, we conclude thatÛ ∈ P 2 , that is,Û is in the Clifford group.
It remains to prove Eq. (6). For any integer 1 R L the lattice can be partitioned into three disjoint regions, Λ = ABC, such that each region A = ∪ i A i , B = ∪ j B j , C = ∪ k C k consists of disjoint chunks of diameter O(R) separated by distance Ω(R), see Fig. 2 for an example. We assume that the lattice is large enough so we can choose ξ, hr R √ d (recall that r denotes the range of the gates in U , whereas h is the depth of U ).
This choice guarantees for any ρ = O(hr), the ρ-neighborhood B ρ (A j ) of any chunk A j contains fewer qubits than the code distance d, hence B ρ (A j ) is correctable. Furthermore, since the separation between B ρ (A i ) and B ρ (A j ) with i = j is larger than ξ, the Union Lemma implies that the entire region B ρ (A) = ∪ i B ρ (A i ) is correctable. In a similar fashion, we can show that the regions B ρ (B) and C are correctable. Finally, let A = Λ\(B ∪ C) be the union of the remaining capped triangles. A similar but rectangular partition has been used in [25] to derive upper bounds on parameters of TSCs, but is less suitable for generalization to D > 2.
Applying the Cleaning Lemma to the logical Pauli operator Q and the region B ρ (A) we can find a stabilizer S 1 ∈ S 1 such that QS 1 acts trivially on B ρ (A). Applying the same arguments to the logical Pauli operator P and the region B we can find a stabilizer S 2 ∈ S 2 such that P S 2 acts trivially on B ρ (B). Replacing Q and P by equivalent logical operator QS 1 and P S 2 (which does not change Q and P ) we can now assume that
Consider the evolution Q → U QU † . It enlarges the support of Q at most by rh < ρ, so that the light cone of Q and all gates of U overlapping with it are contained in BC. Applying the causality argument used in the toric code example we conclude that U QU † can be implemented by a depth-(2h + 1) circuit V with gates of range r and all gates of V are supported in BC. Note that K = P V P † V † . Applying the causality argument to the time evolution P † → V P † V † which is characterized by a light cone of radius r(2h + 1) < ρ, we conclude that
where W is obtained from V by omitting all gates lying outside the light cone of supp(P ). Our assumptions on supp(P ) imply that any gate supported in B or overlapping with B lies outside the light cone of supp(P ). Hence all gates of W are supported in C. The evolution W → P W P † does not enlarge the support of W since P is a product of single-qubit Pauli operators. We conclude that K is supported in C which is a correctable region as argued above. Using Eq. (4) one can easily check that K preserves the codespace of S 2 , that is, KΠ 2 = Π 2 K. Let K = α c α K α be the expansion of K in the basis of Pauli operators, where c α are complex coefficients, and K α are n-qubit Pauli operators. Note that all K α are supported in C. Then
Since C is a correctable region, Π 2 K α Π 2 = x α Π 2 for some complex coefficient x α . This shows that KΠ 2 = cΠ 2 for some coefficient c. The same arguments as in the toric code example show that c = ±1. This proves Eq. (6) and completes the proof of the theorem for D = 2.
Let us briefly sketch the generalization to D > 2. As before, we can partition the lattice Λ = ∪ D+1 j=1 Λ j into D + 1 regions such that each region Λ j is a disjoint union of chunks of size O(R) separated by distance Ω(R) for some ξ, hr R d 1/D . Each region Λ j is correctable by the Union Lemma. The desired partition can be constructed by analogy with the 2D case, see Fig. 2 , such that Λ j corresponds to (j − 1)-dimensional simplices in a triangulation of Λ. Let P 1 be any logical Pauli operator for the code S 1 and P 2 , . . . , P D be any logical Pauli operator for the code S 2 . By applying the Cleaning Lemma for all j = 1, . . . , D, we can assume that supp(P j ) does not overlap with ρ-neighborhood of Λ j for some ρ = O(hr). Define K 1 = U P 1 U † and K j = P † j K j−1 P j K † j−1 for j = 2, . . . , D. Starting from K 1 , we can proceed inductively to argue (using the causality argument) that K j acts trivially on ∪ j k=1 Λ k . In particular, K D is supported on the correctable region Λ D+1 , and we conclude that K D = ±I for any choice of logical Pauli operators {P j } j . This implies that K D−1 ∈ P 1 is a Pauli operator. We then proceed inductively: suppose we have shown that K D−j ∈ P j . The fact that P D−j K D−j ∈ P 1 P j ⊂ P j and the definition of K D−j then imply that K D−j−1 P D−j K † D−j−1 ∈ P j and hence K D−j−1 ∈ P j+1 . In particular, we have K 1 ∈ P D−1 and henceÛ ∈ P D as claimed.
We conclude by proving Corollary 1. Consider any subset G ⊂ P D and let G ⊆ U (2 k ) be the group generated by G. Suppose G is not contained in P D . Let s = s(G) be the smallest integer such that U 1 · · · U s / ∈ P D for some U 1 , . . . , U s ∈ G. If G ⊆ P D , define s(G) = 0. Define
Because P D is a finite set (ignoring overall phase factors) and depends only on the number of logical qubits k, we conclude that s * = s * (k) is well-defined.
Suppose that the set of protected gates implementable by a depth-h circuit generates unitaries not belonging to P D , i.e., G h,L ⊂ P D . By definition of s * and because G h,L ⊂ P D by Theorem 1, there is an element U ∈ G h,L , U ∈ P D such that U = U 1 · · · U s can be written as a product of s ≤ s * factors U j ∈ G h,L . We conclude that U ∈ G s * ·h,L is an encoded gate implementable by a depth-s * · h = O(1) circuit, hence U ∈ P D by Theorem 1, which is a contradiction.
